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to be minimized.
This corresponds to compression cost, and is also equal to square
loss for Gaussian models.
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Then, predict xt+1 using this 𝜃tML :
p ML (xt+1 |x1...t ) := p𝜃tML (xt+1 )
This is the maximum likelihood or “plug-in” estimator.
Heavily used in machine learning. Argmax often computed via
gradient descent.
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Zero-frequency problem: If you have seen only women so far,
the probability to see a man is estimated to 0.

I

Often overfits in machine learning.
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May seem arbitrary but has a beautiful Bayesian interpretation.

Bayesian predictors
Bayesian predictors start with a parametric model p𝜃 (x ) together
with a prior 𝛼(𝜃) on 𝜃.
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Proposition (folklore)
For Bernoulli distributions on a binary variable, e.g., {woman, man},
Laplace’s rule coincides with the Bayesian predictor with a uniform
prior on the Bernoulli parameter 𝜃 ∈ [0; 1].
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Is there a simple way to approximate Bayesian
predictors that would generalize Laplace’s rule?
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“The predictors p and p ′ coincide at first order” means that
p ′ (xt+1 |x1...t ) = p(xt+1 |x1...t ) (1 + O(1/t 2 ))
for any sequence (xt ), assuming both are non-zero.

The sequential normalized maximum likelihood predictor
The SNML predictor p SNML is defined as follows. For each possible
value y of xt+1 , let
𝜃ML+y := arg max
𝜃

⎧
⎨
⎩

log p𝜃 (y ) +

∑︁
s6t

log p𝜃 (xs )

⎫
⎬
⎭

be the value of the ML estimator if this value of xt+1 had already
been observed.

The sequential normalized maximum likelihood predictor
The SNML predictor p SNML is defined as follows. For each possible
value y of xt+1 , let
𝜃ML+y := arg max
𝜃

⎧
⎨

log p𝜃 (y ) +

⎩

∑︁

log p𝜃 (xs )

s6t

⎫
⎬
⎭

be the value of the ML estimator if this value of xt+1 had already
been observed.
Define
q(y ) := p𝜃ML+y (y )
Usually q is not a probability distribution,

∫︀
y

q(y ) > 1.

The sequential normalized maximum likelihood predictor
The SNML predictor p SNML is defined as follows. For each possible
value y of xt+1 , let
𝜃ML+y := arg max
𝜃

⎧
⎨

log p𝜃 (y ) +

⎩

∑︁

log p𝜃 (xs )

s6t

⎫
⎬
⎭

be the value of the ML estimator if this value of xt+1 had already
been observed.
Define
q(y ) := p𝜃ML+y (y )
Usually q is not a probability distribution,
=⇒ Rescale q:
q
p SNML := ∫︀
q
and use this for prediction of xt+1 .

∫︀
y

q(y ) > 1.
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I

Multiplicative error (1 + O(1/t 2 )) in the theorem yields at
most a bounded difference on cumulated log-loss.
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Note: valid only when these probabilities are non-zero, so does not
solve the zero-frequency problem.
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the natural gradient of the new point’s log-likelihood.”
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What about other priors?

Arbitrary Bayesian priors
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Then a similar theorem holds if the definition of the SNML predictor
p SNML is modified as
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for each possible value y of xt+1 .
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with I the Fisher matrix and T the skewness tensor [Amari–Nagaoka]
T (𝜃)ijk := Ex ∼p𝜃

𝜕 ln p𝜃 (x ) 𝜕 ln p𝜃 (x ) 𝜕 ln p𝜃 (x )
𝜕𝜃i
𝜕𝜃j
𝜕𝜃k
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Thank you!

